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Abstract
We determine the non-abelian Born-Infeld action, including fermions, as it results from the
four-point tree-level open superstring scattering amplitudes at order α′2. We find that, after
an appropriate field redefinition all terms at this order can be written as a symmetrised trace.
We confront this action with the results that follow from kappa-symmetry and conclude that
the recently proposed non-abelian kappa-symmetry cannot be extended to cubic orders in the
Born-Infeld curvature.
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1 Introduction
One of the unsolved questions of D-brane physics concerns the form of the (tree-level) effective action
for N coinciding D-branes beyond the leading term which is just U(N) super Yang-Mills theory. For
a single D-brane, N = 1, the higher-order corrections are captured by (a supersymmetric version of)
the Born-Infeld Lagrangian [1, 2]. Once several D-branes are present, things become involved. On
the one hand, the gauge field Aµ is non-abelian [3] and one has to give an ordering prescription for
the higher-order terms. On the other hand, for Dp-branes, there are also 9−p embedding coordinates
X i which are U(N) valued as well, and all background fields will depend on them. This is bound to
be quite complicated. As a first step, many papers concentrated on D9-branes in order to avoid this
second difficulty. Of course, the D9-brane action is closely related to the open superstring effective
action with U(N) Chan-Paton factors.
The most direct way to obtain the effective action goes through the calculation of open string
scattering amplitudes. This program yielded the purely bosonic terms through order α′2F 4 [4, 5].
The full order α′2 action in the abelian case was determined by [6]. It is obvious that at higher
orders the complexity of this approach considerably increases. Several alternative techniques have
been developed precisely with the aim to avoid these complications.
The most obvious alternative uses β-function calculations. This method proved extremely suc-
cesful in the abelian case: it was used to show that the (bosonic) Born-Infeld action is the effective
action for the open superstring theory to all orders [5]. However, in the non-abelian case it becomes
as unpleasant as the previous approach.
This led to the development of several, more indirect ways of attacking the problem. Some of
them use supersymmetry as a guideline as the supersymmetry algebra in 10 dimensions is severely
restricted. One obvious choice would be to use linear supersymmetry. This was exploited in [7], [8].
In particular, the work of [8] led to a full proposal for the effective action through order α′2 including
fermionic and derivative terms. The presence of a non-linearly realized supersymmetry provided
some checks on this results and obviously raises the question whether there exists an underlying
κ-invariant action. In the abelian case the answer is affirmative. In fact κ-symmetry gave the first
explicit supersymmetrization of the abelian Born-Infeld action in a flat background [2].
In [9] the issue of κ-symmetry in the non-abelian case was addressed. Starting from a concrete
ansatz, which was motivated by the abelian calculation, this resulted in a κ-invariant action including
all terms quadratic in the field strengths up to quartic fermions.
A perhaps closely related approach uses the existence of BPS-type solutions [10]. While this
method does not give any information on the fermionic terms, it does provide a powerful method
to reconstruct the purely bosonic part of the action. In the abelian case it shows that the Born-
Infeld action is unique. The extension to the non-abelian case is presently under study and will give
information on the purely bosonic terms through order α′4 including higher-order derivatives [10].
In the context of string theory, configurations involving constant magnetic background fields
correspond, after T-duality, to D-branes at angles. The latter picture allows for a direct calculation
of the spectrum which can then be compared to the spectrum as calculated from the non-abelian
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Born-Infeld action [11, 12]. Again, this program so far was restricted to the study of the bosonic
terms only and partially fixed the effective action through order α′4F 6 [13].
Finally, the Seiberg-Witten map might give further clues about the structure of the higher-order
derivative terms [14].
A major issue in the construction of the effective action in the non-abelian case is the ordering
of the fields. String theory unambiguously determines the α′2F 4 terms to be a symmetrised trace.
Modulo effects arising from higher-order derivative terms, this led Tseytlin to the conjecture that
the full non-abelian Born-Infeld action should be defined through the symmetrised trace [15]. Soon
thereafter this proposal was probed by comparing fluctuation spectra with those of the corresponding
D-brane configurations and the result disagreed from order α′4F 6 on [11], [12]. These results con-
cerned bosonic terms only and one might wonder whether fermionic terms at order α′2 already deviate
from the symmetrised trace prescription. In [9] it was claimed that such a deviation indeed occurs.
The claim of [9] was based on the assumption that a non-abelian generalization of κ-symmetry exists.
Recent results in [8] indicate that the symmetrised trace prescription still holds for these fermionic
terms at order α′2.
To settle this issue, we will calculate in Section 2 all terms in the effective action, including
fermions, which can be determined from four-point string scattering amplitudes of order α′2. We
find that the string effective action, at this order and after a certain field redefinition, takes the form
of a symmetrised trace. Furthermore, it agrees with the results in [8]. As we will discuss in Section 3,
we conclude that the non-abelian κ-symmetry as introduced in [9] does not work when cubic orders
in the field strength F are included in the variation of the action. Nevertheless, the presence of a
nonlinear supersymmetry in [8] suggests the existence of a different formulation, perhaps related to
κ-symmetry, in which both supersymmetries arise after an appropriate gauge fixing.
2 Effective action from the string amplitudes
In this section we will summarize the computation of all the tree-level open string (disc) four-point
amplitudes between the massless gauge bosons and their fermionic partners (gauginos). There is a 4
boson, a 4 fermion and a 2 boson / 2 fermion amplitude. We will call the external momenta k1, . . . k4
(all taken as incoming), assign Chan-Paton labels a, b, c, d = 1, . . .dim U(N), and wave-functions ui
to the external fermions and polarisations ǫj to the external bosons. This is depicted in Fig. 1 for
the example of a 2 boson / 2 fermion amplitude. Our conventions as well as various useful identities
are summarised in the appendix.
2.1 The string amplitudes
Any of the 4 point amplitudes is a sum of six disc diagrams corresponding to the 6 different cyclic
orderings of the vertex operators as shown in Fig. 2.
The contribution of each of the six orderings then is given [16, 17] by the product of
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Figure 1: 2 boson / 2 fermion scattering amplitude
b
d c
a a b
c d
a d
b c
a d
c b
a c
d b
a c
b d
+ +
+ + +
Figure 2: The six different cyclic orderings
1.) a trace of the product of matrices λa in the fundamental representation of U(N), taken in the
cyclic order given by the diagram of Fig. 2, e.g. for the first one: tr λaλbλcλd ≡ tabcd
2.) a function G depending on the two Mandelstam variables “flowing” through the diagram “hor-
izontally” and “vertically”. For the first diagram of Fig. 2 e.g. the vertical momentum flow gives
(k1 + k2)
2 = s while the horizontal momentum flow gives (k1 + k4)
2 = u. Clearly, the 1. and 2.
diagram give G(s, u), the 3. and 4. give G(s, t) and the 5. and 6. give G(t, u). The function G is
given by
G(s, t) = α′2
Γ(−α′s)Γ(−α′t)
Γ(1− α′s− α′t)
=
1
st
−
π2α′2
6
+O(α′3) (2.1)
and is the same independent of the nature (boson or fermion) of the massless external states.
3.) a kinematic factor K depending on the polarisations and wave-functions in the given cyclic order
as well as on the momenta. It is independent of α′. This factor would actually be the same also for
loop amplitudes. In the present example of 2 boson / 2 fermion scattering of Fig 1, the 3. diagram
of Fig. 2 would e.g. come with a K(u1, ǫ2, u4, ǫ3).
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4.) a normalisation factor which we will take to be −8ig2.
5.) a minus sign for any diagram in Fig. 2 which differs from the first one by the permutation of
two fermions. Note that these signs will be cancelled in the end by the corresponding antisymmetry
of the K-factor.
Let us now discuss these kinematical factors K. They are given in ref. [16], where references to
the original literature can be found. Some care has to be exercised while copying the formula since
our conventions are different from those of ref. [16]. The differences are: a) sGSW = −s, tGSW = −u,
uGSW = −t, b) {Γµ,Γν}GSW = −2η
µν
GSW while we take {γ
µ, γν} = 2ηµν , and c) we also must change
the overall normalisation by a factor −1
4
for the 4 fermion and the 2 boson / 2 fermion case, while
in the 4 boson case the GSW normalisation is appropriate.
For 4 bosons we get:
K(ǫ1, ǫ2, ǫ3, ǫ4) = −
tu
4
ǫ1 · ǫ2 ǫ3 · ǫ4 −
su
4
ǫ1 · ǫ3 ǫ2 · ǫ4 −
st
4
ǫ1 · ǫ4 ǫ2 · ǫ3
−
s
2
Ks −
t
2
Kt −
u
2
Ku (2.2)
where
Ks = ǫ1 · k4 ǫ3 · k2 ǫ2 · ǫ4 + ǫ2 · k3 ǫ4 · k1 ǫ1 · ǫ3 + ǫ1 · k3 ǫ4 · k2 ǫ2 · ǫ3 + ǫ2 · k4 ǫ3 · k1 ǫ1 · ǫ4
Kt = Ks|2↔3
Ku = Ks|2↔4 (2.3)
Note that K(ǫ1, ǫ2, ǫ3, ǫ4) is completely symmetric under any permutation i ↔ j and it vanishes if
we replace ǫi by ki as required by gauge invariance.
For four fermions the K-factor is given by
K(u1, u2, u3, u4) =
s
8
u1γµu4 u2γ
µu3 −
u
8
u1γµu2 u4γ
µu3 . (2.4)
The ui are the (commuting) ten-dimensional Majorana-Weyl fermion wave-functions. Hence we have
uiγ
µuj = ujγ
µui and the Fierz identity
u1γµu2 u3γ
µu4 + u1γµu3 u4γ
µu2 + u1γµu4 u2γ
µu3 = 0 (2.5)
which together with the relation s+t+u = 0 implies thatK(u1, u2, u3, u4) is completely antisymmetric
under the exchange of any two fermions, e.g. we have K(u1, u2, u4, u3) = −K(u1, u2, u3, u4) etc.
For two fermions and two bosons, ref. [16] considers two cases separately: the two fermions are
adjacent or not. Both cases actually lead to the same K-factor:
K(u1, ǫ2, ǫ3, u4) = K(u1, ǫ2, u4, ǫ3) =
u
8
A+
s
8
B (2.6)
where we define the convenient expressions (k/ ≡ kµγµ)
A = u1ǫ/2(k/3 + k/4)ǫ/3u4
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B = 2u1 (ǫ/3 k3 · ǫ2 − ǫ/2 k2 · ǫ3 − k/3 ǫ2 · ǫ3)u4 . (2.7)
Using the on-shell properties k2 · ǫ2 = k3 · ǫ3 = k/4u4 = u1k/1 = 0 one easily shows
A|2↔3 = A− B , A|1↔4 = B − A
B|2↔3 = −B , B|1↔4 = B , (2.8)
so that they are symmetric under the exchange of the two bosons and antisymmetric under exchange
of the two fermions.
These kinematical factors are actually determined by the required (anti)symmetry, (linearized)
gauge invariance and dimensional considerations.
It follows that any of the four-point (tree-level) amplitudes we are interested in takes the form
A4 = −8ig
2 K(1, 2, 3, 4) ×
× {(tabcd + tdcba)G(s, u) + (tabdc + tcdba)G(s, t) + (tacbd + tdbca)G(t, u)} .
(2.9)
Note that any minus signs introduced when two fermions in Fig. 2 are permuted with respect to
the reference configuration has been cancelled by another minus sign when performing the same
permutation on the arguments of K to rewrite it as K(1, 2, 3, 4).
Turning to the traces, they come in 3 combinations:
T1 = tabcd + tdcba =
1
2
(dabedcde + dadedbce − dacedbde)
T2 = tabdc + tcdba =
1
2
(dabedcde + dacedbde − dadedbce)
T3 = tacbd + tdbca =
1
2
(dacedbde + dadedbce − dabedcde) . (2.10)
where dabc is given by {λa, λb} = dabcλc. Properties of the d and f tensors are given in the appendix.
Note that the symmetrised trace is given by
str λaλbλcλd =
1
12
(dabedcde + dacedbde + dadedbce) . (2.11)
Inserting the α′-expansion of the G-function into (2.9) we get for any of the four-point amplitudes
A4 = −8ig
2 K(1, 2, 3, 4)
∞∑
n=0
a
(n)
4 α
′n . (2.12)
The lowest order term can be written in 3 equivalent ways:
a
(0)
4 =
1
s
(
1
t
facefbde +
1
u
fadefbce
)
= −
1
u
(
1
s
fabefcde +
1
t
facefbde
)
=
1
t
(
1
s
fabefcde −
1
u
fadefbce
)
.
(2.13)
This vanishes in the abelian case: there is no lowest order photon-photon scattering. Clearly, there
is no order α′ contribution and a
(1)
4 = 0.
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The obvious fact about the order α′2 contribution is that it is always a symmetrised trace. Indeed,
at order α′2 the function G is just a constant, and thus all traces contribute equally, leading to a
symmetrised trace:
a
(2)
4 = −π
2 str λaλbλcλd . (2.14)
Clearly, there is no reason for any other a
(n)
4 to be a symmetrised trace. Note that nevertheless, by
construction, all a
(n)
4 are completely symmetric under exchange of any two external states, so that
the symmetry properties of the amplitude are correctly given by those of the kinematical factors
K(1, 2, 3, 4).
For convenience of comparison with the field theory amplitudes, we explicitly write down the
amplitudes up to and including the order α′2 terms:
four bosons
A4b4 =
[
4ig2
1
s
(
Kt −Ku +
u− t
4
ǫ1 · ǫ2 ǫ3 · ǫ4
)
fabefcde
−ig2 ǫ1 · ǫ2 ǫ3 · ǫ4 (facefbde + fadefbce)
]
+ [2↔ 3, b↔ c] + [2↔ 4, b↔ d]
+ 8ig2π2α′2K(ǫ1, ǫ2, ǫ3, ǫ4) str λaλbλcλd +O(α
′3) . (2.15)
two bosons and two fermions
A
2b/2f
4 = −ig
2 B
u
fadefbce + ig
2 A
s
fabefcde + ig
2 A−B
t
facefbde
+ ig2π2α′2 (uA+ sB) str λaλbλcλd +O(α
′3) (2.16)
four fermions (using the Fierz identity)
A4f4 =
[
− ig2 u1γ
µu2 u4γµu3
1
s
fabefcde + ig
2 u1γ
µu3 u4γµu2
1
t
facefbde
−ig2 u1γ
µu4 u2γµu3
1
u
fadefbce
]
+ ig2π2α′2 (s u1γ
µu4 u2γµu3 − u u1γ
µu2 u4γµu3) str λaλbλcλd +O(α
′3) (2.17)
2.2 The ansatz for the effective action
2.2.1 The α′ expansion
Our goal is to find the effective action which reproduces the α′-expansion of the open superstring
four-point amplitude of the previous subsection. At lowest order in α′ this is of course well-known
to be the U(N) N = 1 super Yang-Mills theory in ten dimensions
LSYM = tr
(
−
1
4
FµνF
µν +
i
2
χγµDµχ
)
. (2.18)
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This fixes the normalisations of the fields. The main effort in this section will be devoted to (almost)
uniquely determining the effective action at order α′2. Of course the action will be determined only
up to terms that vanish “on shell”. Since we look at four-point amplitudes we in principle fix all
terms of the form F 4, F 2χ2 and χ4 including all higher order derivatives.
The possible terms at order α′2 are given by dimensional analysis: in any space-time dimension,
dimensionless quantities are α′gFµν and α
′2g2 χγDχ where g is the Yang-Mills coupling constant.
2.2.2 The abelian Born-Infeld action
For the sake of comparison we now give the expansion of the abelian Born-Infeld action [2]:
LBI =
1
α˜′2
1−
[
det
(
ηµν + α˜
′F µν − iα˜
′2 χγµ∂νχ−
α˜′4
4
χγρ∂µχχγρ∂νχ
)]1/2
= −
1
4
FµνF
µν +
i
2
χ∂/χ +
i
2
α˜′ χγµ∂νχF
µν
+
α˜′2
8
(
FµνF
νρFρσF
σµ −
1
4
(FµνF
µν)2
)
+
i
2
α˜′2 χγµ∂νχ
(
F µρF νρ − η
µνFρσF
ρσ
)
+
α˜′2
4
(
1
2
χγµ∂νχχγµ∂νχ− χγ
µ∂νχχγν∂µχ+
1
2
(χ∂/χ)2
)
+O(α˜′3) (2.19)
where
α˜′ = 2πgα′ . (2.20)
Note that our present computation of four-point amplitudes at order α′2 will not be sensitive to
terms of the form α˜′2(χ∂/χ)2 and α˜′2χ∂/χFρσF
ρσ as they vanish on-shell. Nevertheless, they could be
determined from higher-point amplitudes. Henceforth we will drop such terms. A similar remark
applies to the order α˜′ term χγµ∂νχF
µν which upon partial integration and using the Majorana
properties can be written as Aµχ(γµ∂
2− ∂µ∂/)χ which vanishes for on-shell fermions. Thus this term
does not contribute to a three-point amplitude, but it gives a non-vanishing contribution to the 2
fermion / 2 boson four-point amplitude via a one-particle reducible diagram with an internal fermion
line.
This order α′ term in the abelian Born-Infeld action can be removed by the field redefinition
χ→ χ+
1
4
α˜′Fρσγ
ρσχ (2.21)
at the expense of modifying the order α′2 terms. Dropping all terms involving α˜′2∂/χ we then get
L′BI|on−shell = −
1
4
FµνF
µν +
i
2
χ∂/χ +
α˜′2
8
(
FµνF
νρFρσF
σµ −
1
4
(FµνF
µν)2
)
+
i
4
α˜′2 χγµ∂νχF
µρF νρ −
i
8
α˜′2χγµνρ∂σχF
µνF ρσ
+
α˜′2
8
χγµ∂νχχγµ∂νχ−
α˜′2
4
χγµ∂νχχγν∂µχ +O(α˜
′3) (2.22)
Note the modified coefficient of the χγ∂χFF -term and the new term involving γµνρ.
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There are two four-fermion terms, but they are related by a Fierz transformation:
χγµ∂νχ χγν∂µχ ≃
2
3
χγµ∂νχ χγµ∂νχ (2.23)
where ≃ means equality up to on-shell terms. This is most easily seen to follow from (A.6) by setting
ψ = ∂νχ, λ = ∂µχ and ϕ = χ: dropping on-shell terms and using also (A.5) this becomes
χγµ∂νχ∂µχγ
νχ ≃
1
8
χγρσµχ ∂µχγνρσ∂
νχ−
1
48
χγρσλχ ∂µχγρσλ∂
µχ
≃ −χγµ∂νχ χγµ∂νχ+
1
2
χγµ∂νχ χγν∂µχ (2.24)
from which follows (2.23).
2.2.3 The ansatz for the non-abelian effective action
We write the effective action as
L = LSYM + L4b + L2b/2f + L4f + L∗ +O(α
′3g2, α′2g3) (2.25)
with L4b, L2b/2f and L4f containing the order α
′ and α′2 terms needed to reproduce the string
amplitudes to this order. The piece L∗ contains any terms ∼ α˜′2D/χ, ∼ α˜′2Dµχγµ, ∼ α˜′2DµF µν
that vanish on-shell and do not contribute to the four-point amplitudes as discussed above. In the
following we write L1 ≃ L2 if L1 and L2 only differ up to terms in L∗ and up to partial integration.
The meaning of O(α′3g2, α′2g3) is the following: an n-point (tree) amplitude comes with a factor gn−2
and neglecting O(α′2g3) terms is tantamount to not taking into account terms that only contribute
to five- and higher-point amplitudes. On the other hand, O(α′3g2) terms arise from four-point
amplitudes but contain more derivatives and will not be considered here either.
The purely bosonic piece L4b is well-established:
L4b = α˜
′2 str
(
1
8
FµνF
νρFρσF
σµ −
1
32
(FµνF
µν)2
)
(2.26)
where α˜′ = 2πgα′. Since this contains exactly four F ’s, the contribution to the four gluon amplitude
is obtained by extracting the interaction where each F aµν is replaced simply by ∂µA
a
ν − ∂νA
a
µ. There
is then a single order α′2 four gluon vertex contributing to the amplitude, and it is a straightforward
exercise to show that the result coincides with the order α′2 part of the string amplitude A4b4 in
(2.15). In fact, it is not necessary to check all the terms in K(ǫ1, ǫ2, ǫ3, ǫ4) since the structure of K
is fixed by gauge invariance and permutation symmetry. It is e.g. enough to check that (2.26) yields
the ǫ1 · ǫ2 ǫ3 · ǫ4 term with the correct coefficient. It is also easy to show that eq. (2.26) with the
symmetrised trace is the unique interaction that reproduces the string amplitude at this order.
More interesting is the mixed piece L2b/2f . Taking into account the Majorana-Weyl properties
(see appendix), we find that a general ansatz for the non-abelian effective action at orders α′ and α′2
is
L2b/2f = ic1α˜
′dabcχ
aγµDνχ
bF cµν + iα˜′2ωabcdχ
aγµDνχ
bF cµρF d νρ
9
+iα˜′2ξabcdχ
aγµνρ
(
Dσχ
bF cµνF dρσ −DρχbF cµσF d νσ
)
≃ ic1α˜
′dabcχ
aγµDνχ
bF cµν + iα˜′2yabcdχ
aγµDνχ
bF cµρF d νρ
+iα˜′2ξabcdχ
aγµγνγρDσχ
bF cµνF dρσ (2.27)
with
yabcd = ωabcd − ξabcd − ξabdc . (2.28)
We have not specified the gauge structure of the order α˜′2 terms: ωabcd and ξabcd are arbitrary so
far4. On the other hand, for the order α˜′ term we have specified dabc = str λaλbλc. The only other
possibility would be fabc. In this latter case however, fabcχ
aγµDνχ
bF cµν ≃ −1
2
fabcχ
aγµχ
bDνF
cµν . In
order to somewhat simplify our discussion we will assume from the outset that they are not present
and we start with an action as given by (2.27).
As in the abelian case, the order α˜′ term does not contribute to a three-point amplitude between
on-shell states, which is consistent with the absence of such an amplitude in string theory. It is
convenient to first eliminate this order α′ term by performing a field redefinitions and then compute
the amplitude. So we let
χa → χa +
c1
2
α˜′ dabcF
b
ρσγ
ρσχc . (2.29)
This will not change L4b or L4f but it will affect L2b/2f which becomes (up to on-shell terms and
total derivatives)
L′2b/2f = iα˜
′2yabcdχ
aγµDνχ
bF cµρF d νρ + iα˜
′2zabcdχ
aγµγνγρDσχ
bF cµνF dρσ
= iα˜′2y˜abcdχ
aγµDνχ
bF cµρF d νρ + iα˜
′2zabcdχ
aγµνρDσχ
bF cµνF dρσ (2.30)
with
zabcd = ξabcd −
c21
2
dacedbde ,
y˜abcd = yabcd + 2zabcd = ωabcd + ξabcd − ξabdc − c
2
1dacedbde . (2.31)
It is clear from these relations that a symmetrised trace presciption can hold at best for L2b/2f
or L′2b/2f , but not both. Note that any part of yabcd or y˜abcd that is antisymmetric in a and b and
symmetric in c and d, vanishes on shell by virtue of the Bianchi identity for F . Hence we can assume
y[ab](cd) = y˜[ab](cd) = 0
For the four fermion interaction L4f we take the ansatz
L4f = α˜
′2gabcdχ
aγµDνχb χcγµDνχ
d + α˜′2habcdχ
aγµDνχb χcγνDµχ
d . (2.32)
Other terms could be written down e.g. jabcdχ
aγµνρDρχ
b χcγµDνχ
d or labcdχ
aγµνρDσχb χcγµνρDσχ
d.
However, using Fierz identities, all of them can be rewritten as (2.32), up to on-shell terms. Similarly,
4The ansatz (2.27) in its present form still contains terms that vanish on-shell, and which really belong in L∗. We
will come back to this point after y and ξ have been matched to the string amplitude results.
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one may assume that habcd is symmetric under interchange of a and b, or of c and d, or of ab and cd,
and that
gabcd = gcdab and g(ab)[cd] = g[ab](cd) = 0 ⇒ gabcd = gbadc . (2.33)
Finally note that the only order α′ term would be a new fermion bilinear like α˜′χaγµνρDµDνDρχ
a.
It would give an order α′ two fermion - one gluon vertex and would contribute to the four fermion
scattering via one-particle reducible gluon exchange diagrams, but this term actually reduces to the
term discussed below (2.28).
2.3 Matching the amplitudes
The four gluon amplitude has already been discussed above.
2.3.1 Matching the 2 boson / 2 fermion amplitude
The most convenient form of the relevant interaction is the first line of (2.30), i.e. after the field
redefinition (2.29). Indeed, (2.30) only contributes two terms to the 2 boson / 2 fermion interaction,
obtained upon replacingDλ → ∂λ and F
a
µν → ∂µA
a
ν−∂νA
a
µ. Obviously, there is no order α
′ piece, while
the computation of the order α′2 contribution to the amplitude is a bit lengthy but straightforward.
We get:
A
2b/2f
4 = iα˜
′2
{
A(tz+ + sz−)
+ u1ǫ/3u4
[
2k1 · ǫ2(tz
+ + sz−) +
1
2
(tk1 · ǫ2 − sk4 · ǫ2)(ydacb + yadcb)
]
− u1ǫ/2u4
[
2k4 · ǫ3(tz
+ + sz−) +
1
2
(tk4 · ǫ3 − sk1 · ǫ3)(ydabc + yadbc)
]
− u1k/3u4ǫ2 · ǫ3
[
−2tz+ +
s
2
(yadbc + ydacb)−
t
2
(ydabc + yadcb)
]
+ u1k/3u4
[
k1 · ǫ2k1 · ǫ3(ydabc − ydacb) + k4 · ǫ2k4 · ǫ3(yadcb − yadbc)
− k1 · ǫ2k4 · ǫ3(4z
− + yadbc + ydacb)
+ k4 · ǫ2k1 · ǫ3(4z
+ + ydabc + yadcb)
]}
(2.34)
with
z+ = zdabc + zadcb , z
− = zadbc + zdacb (2.35)
and where A (and B) where defined in (2.7). As a first check, note that this indeed vanishes if we
replace ǫi → ki, as required by gauge invariance.
As a further consistency check, note that we could have started with the interaction (2.27), i.e.
before the field redefinition (2.29). Then the term ∼ yabcd contributes as above in (2.34) while
the contribution of the term ∼ ξabcd can also be read from (2.34) by replacing zabcd → ξabcd and
analogously z+ → ξ+ = ξdabc + ξadcb and z− → ξ− = ξadbc + ξdacb. But now we have in addition the
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contributions from the order α˜′ piece. This yields a new order α˜′ cubic (2 fermion - 1 gluon) and a
new quartic (2 fermion - 2 gluon) vertex. Thus we get various non-vanishing contributions to the 2
boson / 2 fermion amplitude at order α˜′, but they sum up to zero
A2b,2f4 |order α˜′ = 0 (2.36)
in agreement with the string amplitude. At order α˜′2 there are the two diagrams with an internal
fermion in the s or t channel and both vertices being the cubic order α˜′ interaction. Their sum yields
Aα˜
′2
s + A
α˜′2
t = −ic
2
1α˜
′2
{
(A + 2k1 · ǫ2u1ǫ/3u4 − 2k4 · ǫ3u1ǫ/2u4) (tdacedbde + sdabedcde)
+ u1k/3u4ǫ2 · ǫ32tdacedbde
+ u1k/3u4 (4k4 · e2k1 · ǫ3dacedbde − 4k1 · e2k4 · ǫ3dabedcde)
}
. (2.37)
This has to be added to the contributions ∼ yabcd and ∼ ξabcd as obtained from (2.34) as discussed
above. Not too surprising, we find that the result of adding this contribution is just to shift
ξ+ → ξ+ − c21dacedbde , ξ
− → ξ− − c21dabedcde (2.38)
without affecting the yabcd. This corresponds to
ξabcd → ξabcd −
c21
2
dacedbde (2.39)
which is nothing but replacing ξabcd by zabcd. Thus in the end we get exactly the same result (2.34)
as obtained from the interaction (2.30) after the field redefinition.
Matching the result (2.34) to the corresponding string amplitude (2.16) (recall that α˜′ = 2πgα′)
yields the following conditions
z+ = z− = −
1
4
str λaλbλcλd , yadbc + ydabc = str λaλbλcλd , yadbc = yadcb . (2.40)
This can be equivalently written as
zabcd + zbadc = −
1
4
str λaλbλcλd , y(ab)cd =
1
2
str λaλbλcλd , yab[cd] = 0 . (2.41)
Using the results of the appendix on the general form of 4-index tensors arising from a single trace,
the most general solution is (recall y[ab](cd) = 0)
yabcd =
1
2
str λaλbλcλd + y5dcdefabe
zabcd = −
1
8
str λaλbλcλd + z4 dabefcde + z5 dcdefabe (2.42)
where y5, z4 and z5 are undetermined parameters.
The presence of the undetermined parameters y5, z4 and z5 is related to the fact that the tensors
y and z were not a priori restricted to avoid the presence of contributions in the ansatz (2.27) that
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vanish on-shell. In fact, all three unknown parameters give contributions to the effective action that
vanish on-shell, and can be eliminated by field redefinitions.
In the contribution y5, one uses
y5dcdefabeχ
aγµDνχ
bF cµρF d νρ =
1
2
Dν(χ
aγµχ
b)F cµρF d νρ
≃ −1
2
χaγµχ
b(DνF
cµρ)F d νρ = +
1
4
χaγµχ
b(DµF cρν)F
d ν
ρ ≃ 0 , (2.43)
where the last step requires a partial integration. The contribution z5 contains the same term as y5,
and in addition
z5dcdefabeχ
aγµνρDσχ
bF cµνF dρσ ≃ −1
4
z5dcdefabeχ
aγµνρσλD
λχbF cµνF dρσ , (2.44)
where we have used the fact that the product of the two F ’s is, due to the symmetry in cd, completely
antisymmetric in µνρσ. The expression then vanishes due to the Bianchi identity for F after partial
integration. The contribution z4 requires a cancellation between the two contributions in (2.30). The
trick here is to write
2dabefcdeχ
aγµDνχ
bF cµρF d νρ ≃ −dabefcdeχ
aγµνλD
λχbF cµρF d νρ (2.45)
and then to do a partial integration in both terms in (2.30). The cancellation occurs because
fcde(D
[λ(F cµσF d ν]σ )−Dσ(F
c[µνF dλ]σ)) ≃ 0 (2.46)
where antisymmetrization is over the indices µνλ.
The matching of the four-point amplitude has therefore completely determined the 2 boson / 2
fermion part of the effective action.
2.3.2 Matching the 4 fermion amplitude
There are again two possible types of contributions to the four fermion amplitude: one-particle
irreducible diagrams coming from the quartic interactions of L4f , eq. (2.32), and, possibly, one-
particle reducible gluon exchange diagrams using the cubic vertex from the order α˜′ term in L2b/2f
before the field redefinition. This cubic vertex however vanishes if both fermions are on shell, so
that these gluon exchange diagrams do not contribute to the 4 fermion amplitude. This is consistent
with the fact that the field redefinition does not affect L4f . In particular also, there is no order α′
contribution to the amplitude.
We will now discuss the contributions of the two terms in L4f to the 4 fermion amplitude. We will
argue soon that the second term in L4f cannot reproduce anything that looks like the string amplitude
unless it can be transformed - using some Fierz identity - into a term with the same Lorentz index
structure as the first one in L4f . So we begin by examining the contribution of this first term alone.
Obviously, its contribution to the amplitude contains u1γµu2u3γ
µu4, u1γµu4u2γ
µu3 and u1γµu3u2γ
µu4.
Using the Fierz identity (2.5) this last expression can be rewritten as a combination of the two other,
and, upon taking into account (2.33) we get
A4f4 |g−terms = −2iα˜
′2
{
[(gacbd + gadbc) s− gadcb t− gacdb u]u1γµu4u2γ
µu3
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− [(gacdb + gabdc) u− gabcd t− gacbd s]u1γµu2u3γ
µu4
}
. (2.47)
Also in this case we will not attempt to restrict g a priori to avoid terms that vanish on-shell.
Comparing with the string amplitude we find that, if and only if
gabcd = gacbd , (2.48)
the amplitude reduces to the desired form
A4f4 |g−terms = −2iα˜
′2 (gacbd + gabdc + gadcb) (s u1γµu4u2γ
µu3 − u u1γµu2u3γ
µu4) . (2.49)
The symmetry requirements (2.48) and (2.33) on gabcd and the results of the appendix on 4-index
tensors determine it to be of the form
gabcd =
g1
12
(dabedcde + dacedbde) +
g3
12
dadedbce (2.50)
which in turn implies that the contribution of the first term in L4f to the amplitude can be written
as
A4f4 |g−terms = −2iα˜
′2(2g1 + g3) str λaλbλcλd (s u1γµu4u2γ
µu3 − u u1γµu2u3γ
µu4) . (2.51)
Next, we consider the second term in L4f . As discussed above, we may assume habcd = hbacd =
habdc. A straightforward computation shows that it contributes terms like u1k/3u2 u3k/1u4 to the
amplitude which are not of the desired form u1γµu2u3γ
µu4 etc. However, we will now show that if
also hdbca = habcd then by a Fierz transformation these terms actually have the desired form. Note
that requiring hdbca = habcd together with habcd = hbacd = habdc implies that habcd is completely
symmetric in all its indices, i.e. it is proportional to str λaλbλcλd. Clearly, once we assume that
habcd ∼ str λaλbλcλd, the abelian result (2.23) generalises to the non-abelian case. We want to
go a little further and show that this is not only sufficient but actually necessary for the desired
rearrangement to hold. We begin with the Fierz identity (A.6) with χ→ χa, ψ → Dνχb, λ→ Dµχc
and ϕ→ χd:
χaγ(µD
νχb Dµχcγν)χ
d = −
1
8
χaγ(µχ
d Dµχcγν)D
νχb +
1
16
χaγνχ
dDµχ
cγνDµχb
+
1
16
χaγρσ(µχ
d Dµχcγν)ρσD
νχb −
1
96
χaγρσλχdDµχ
cγρσλD
µχb
−
1
384
χaγρσλκ(µχ
d Dµχcγν)ρσλκD
νχb
+
1
3840
χaγµρσλκχd Dνχ
cγµρσλκD
νχb . (2.52)
The first term on the r.h.s. vanishes on-shell as does the l.h.s. when µ and ν are exchanged. The
other terms can be simplified using the on-shell condition and partial integration so that
χaγµDνχ
b Dµχcγνχd ≃
1
2
(
χ(aγρDσχ
d) − χ(aγσDρχ
d)
)
χcγσDρχb −
1
4
χ[aγσDρχ
d] χcγσDρχb
+
1
24
χaγρσλDκχ
dχcγρσλDκχb −
1
8
χ[aγρσνDµχ
d]χcγρσµDνχ
b
−
1
960
χ[aγµρσλκDνχ
d] χcγµρσλκDνχb . (2.53)
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While the first and second terms exhibits the desired form and the third term can be dealt with by
using again the Fierz identity (A.5), the fourth term is as troublesome (if not more) as the initial
χaγµDνχ
b Dµχcγνχd we want to get rid of. However it comes antisymmetrised in a and d, as does
the fifth term, so that the symmetric part of eq. (2.53) simply reduces to, using (A.5) again,
χaγµDνχ
b χcγνDµχd + (a↔ d) ≃
2
3
χaγµDνχ
b χcγµDνχd + (a↔ d) . (2.54)
Thus we will get rid of the troublesome term and be able to use eq. (2.54) provided habcd is symmetric
under exchange of a and d which we assume from now on. But as noted above, this implies that
habcd is completely symmetric in all its indices:
habcd = h strλaλbλcλd (2.55)
Hence, the contribution to the amplitude of the second term in L4f is
A4f4 |h−terms = −4iα˜
′2h str λaλbλcλd (s u1γµu4u2γ
µu3 − u u1γµu2u3γ
µu4) . (2.56)
Matching the sum of both contributions (2.49) and (2.56) to the order α′2 four fermion string
amplitude (recall that α˜′ = 2πgα′) we get the condition
2g1 + g3 + 2h = −
1
8
. (2.57)
As a consistency check, we note that the abelian Born-Infeld action (2.19) corresponds to g1 = g3 =
1
8
and h = −1
4
which do satisfy this relation. With this in mind we parametrise
g1 =
1
8
(
1 + δg +
4
3
δh
)
, g3 =
1
8
(
1− 2δg +
4
3
δh
)
, h = −
1
4
(1 + δh) . (2.58)
Similarly to what happened for the 2 boson / 2 fermion amplitude, matching of the 4 fermion
amplitude does not completely determine the U(N) tensor structure. Explicitly, we have found that
the string 4 fermion amplitude is reproduced for any of the following interactions with arbitrary δg
and δh:
L4f = str
(
α˜′2
8
(
1 + δg +
4
3
δh
)
χγµDνχχγµDνχ−
α˜′2
4
(1 + δh)χγµDνχχγνDµχ
)
−
α˜′2
32
δg dadedbceχ
aγµDνχb χcγµDνχ
d . (2.59)
Note that the parameter δh does not reflect a lack of knowledge of the precise form of the action, but
it only expresses the freedom to use the “Fierz” identity (2.54) to write the same term in two different
ways: we may choose any δh and still have the same action. The free parameter δg corresponds to
a contribution that vanishes on-shell. It is proportional to (using (A.11))
(facefbde + fabefcde)χ
aγµDνχb χcγµDνχ
d . (2.60)
The first term we rewrite, using a Fierz transformation and contracting γ-matrices, in the form
− 1
2
facefbdeχ
cγµχaDνχbγµDνχ
d . (2.61)
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In the second term we do a partial integration, obtaining (up to terms that vanish on-shell)
− 1
2
fabefcdeχ
aγµχbDνχcγµDνχ
d . (2.62)
The two expressions are now in the same form, and can be seen to cancel after renaming the indices.
Therefore also the four-fermion terms in the effective action are determined (up to contributions that
vanish on-shell) by the corresponding string amplitude.
2.4 The string effective action
Finally we are in a position to collect our results and give the effective action up to and including all
order α′2 terms, bosonic, fermionic and mixed.5 Without loss of generality we choose δh = 0. Then
the effective action reads:
Lstring = str
(
−
1
4
FµνF
µν +
i
2
χγµDµχ+
α˜′2
8
FµνF
νρFρσF
σµ −
α˜′2
32
(FµνF
µν)2
+ i
α˜′2
4
χγµDνχF
µρF νρ − i
α˜′2
8
χγµνρDσχF
µνF ρσ
+
α˜′2
8
χγµDνχχγµDνχ−
α˜′2
4
χγµDνχχγνDµχ
)
+O(α′3g2, α′2g3) . (2.63)
Obviously, in the abelian limit this reduces to the standard abelian Born-Infeld action (2.22) after the
field redefinition (2.21). But the comparison with the Born-Infeld action as obtained by expanding
the determinant goes further. Indeed, this non-abelian string effective action coincides with the
result of the following manipulation: Take the abelian Born-Infeld action and expand it up to and
including order α′2. Make the field redefinition to eliminate the order α′ term, and drop all “on-shell”
terms ∼ α˜′2∂/χ. This gives (2.22). Only then proceed to the obvious non-abelian generalisation and
take a symmetrised trace. As noted above, this is not the same as taking the symmetrised trace
before the field redefinition. This correct procedure might be called the modified symmetrised trace
prescription. Note that it is unlikely that some sort of modified symmetrised trace prescription
continues to hold at higher orders in α′.
At this point it is useful to compare with the results of [8]. There, the d = 10 super Yang-Mills
action through order α′2 was also determined by requiring linear supersymmetry. The claim is that
the result is essentially unique. While the Lorentz structure is completely fixed there remains some
small freedom in the adjoint structure, but again the only choice consistent with string theory turns
out to be a symmetrised trace. If this uniqueness claim is correct, the action given in ref. [8] and our
string effective action (2.63) must coincide (up to on-shell terms and total derivatives). As we will
now show, this is indeed the case. When using the same normalisation as ours, the action of ref. [8]
becomes
Lsusy = str
(
−
1
4
FµνF
µν +
i
2
χγµDµχ+
α˜′2
8
FµνF
νρFρσF
σµ −
α˜′2
32
(FµνF
µν)2
5 As already emphasized, we have nothing to say about a possible term ∼ α′2Fχγχχγχ which would only show
up in a five-point amplitude.
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+ i
α˜′2
4
χγµDνχF
µρF νρ − i
α˜′2
8
χγµνρDσχF
µνF ρσ
−
1
1440
α˜′2χγµνρχDσχ γµνρD
σχ−
3
80
α˜′2χγµνρχDµχγνDρχ
−
7
480
α˜′2g F µνχγµνρχ{χ, γ
ρχ}+
1
2880
α˜′2g F µνχγρστχ{χ, γµνρστχ}
)
+O(α˜′3) ,
(2.64)
The first two lines of eqs. (2.64) and eq. (2.63) agree. It is clear that a direct (string) calculation of
the last line of eq. (2.64) which is of order α′2g3 would require the calculation of five point scattering
amplitudes, so we have nothing to say about it here. What remains is the third line of (2.64) which
has to be compared with the last line in (2.63). Using the following identities (cf. (2.54) and (A.5))
strχγµDνχχγνDµχ ≃
2
3
strχγµDνχχγµDνχ
strχγµνρχDσχγµνρD
σχ = 24 strχγµDνχχγµDνχ
strχγµνρχDµχγνDρχ ≃
2
3
strχγµDνχχγµDνχ , (2.65)
we find that the third line of eq. (2.64) agrees with the third line of eq. (2.63), provided
−
1
1440
× 24−
3
80
×
2
3
=
1
8
−
1
4
×
2
3
, (2.66)
which indeed is true.
In [8], the presence of a non-linear supersymmetry of the action (2.64) was established as well.
This provided strong consistency checks on various terms although the values of the coefficients of
the four-fermion terms are insensitive to this. Indeed, one easily checks that the variation of these
two terms under the non-linear supersymmetry result in expressions proportional to equations of
motion. Happily, as just checked, these terms are precisely equivalent to the four-fermion terms in
the string effective action, which now provides an independent check.
3 Kappa-symmetry
The purpose of this section is to compare the results for the effective action obtained in Section 2
with the results that follow from the requirement of κ-symmetry. In the abelian case, κ-symmetry
has led, in the limit of constant F , to exact answers for D-branes in a flat [2] as well as a curved [18]
background.
Another reason to reconsider the results obtained in [9], is the recent claim [8], that supersym-
metric Yang-Mills theory in d = 10, to order α′2, must contain a symmetric trace of the Yang-Mills
generators. According to [8] any deviation from the symmetric trace must be trivial, in the sense
that it can be removed by a field redefinition.
The results of [9] indicate that, as far as the terms bilinear in the fermions are concerned, a
nontrivial deviation from the symmetric trace does occur. Since quartic fermions were not considered
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in [9], we will disregard them in this section. The results of [9] are based on the assumption that
a particular non-abelian version of κ-symmetry exists. This non-abelian κ-symmetry automatically
leads to linear and nonlinear supersymmetries after κ-gauge fixing. The non-abelian κ-symmetry
proposal of [9] was only established at order F 2 in the variation. This implies that after κ-gauge
fixing the linear supersymmetry has only been established for the F 2 terms in the action but not
for the α′2F 4 terms (there are no F 3 terms). The action of [9] also contains terms which are of the
form α′2θ¯∂θF 2. These terms are needed to realize the nonlinear supersymmetry at order F 2. On
the other hand, the linear supersymmetry calculation of [8] was performed up to order α′2 in the
variation. This fixes the α′2F 4 terms in the action which, by linear supersymmetry, are connected
to the α′2θ¯∂θF 2 terms.
The apparent contradiction between [8] and [9] is that the linear supersymmetry calculation of
[8] leads to a symmetric trace prescription of the α′2θ¯∂θF 2 terms in the effective action whereas the
κ-symmetry calculation of [9] shows that these terms do not satisfy the symmetric trace prescription.
We should keep in mind that since κ-symmetry has only been established up to order F 2 terms in
the variation, we have no guarantee that we can proceed to higher orders. Indeed, the results of [8]
indicate that proceeding with the κ-symmetry calculation to the next order might be problematic.
Strictly speaking there are two possible situations:
(1) It is possible that after redefinitions the α′2θ¯∂θF 2 terms of [9] do become a symmetric trace, in
which case the result agrees with [8].
(2) If it is not a symmetric trace, under any field-redefinition, then, assuming that the conclusion
of [8] is correct, κ-symmetry must fail at the next order.
We will show in the remainder of this section that the first possibility does not apply. There are
no field redefinitions under which all terms in the action of [9] can be written as a symmetrised trace.
We are left with the second possibility and, indeed, we will show that κ-symmetry fails at order F 3
in the variation. The consequences of this will be discussed in the next section.
3.1 kappa-invariant action
It is convenient to first reformulate the results of [9] in the form obtained after making the field
redefinitions discussed in Section 2. For the κ-symmetric formulation these redefinitions take the
form:
θ¯a → θ¯′ a − 1
8
α˜′dabc θ¯′ bσ3γ · F
cP− , (3.1)
Aaµ → A
′ a
µ −
i
8
α˜′dabc θ¯′ bγ11(iσ2)γµθ
′ c . (3.2)
Here we use the following notation:
P± =
1
2
(1± γ11σ1) . (3.3)
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These are projection operators, and satisfy
P±P± = P± , P−P+ = 0 , P−σ3 = σ3P+ . (3.4)
After this redefinition the action is
L = iθ¯aP−γ
µDµθ
a − 1
4
F aµνF
µν a
+ i
8
α˜′2dae(cdd)beθ¯aP−γµDνθ
bT µν cd
− i
16
α˜′2dae[cdd]beθ¯aP−γµνρ{D
ρθbF µσ cFσ
ν d −Dσθ
bF µν cF ρσ d}
+ i
64
α˜′2dacedbdeθ¯aP−γµνρστDτθ
bF µν cF ρσ d , (3.5)
where T µν cd is the nonabelian generalization of the energy-momentum tensor:
T µν cd = F µρ (cFρ
d)ν + 1
4
ηµνF cρσF
ρσ d . (3.6)
It is invariant under the following κ-symmetry transformations:
δθ¯a = η¯a − ǫ¯a + 1
8
α˜′dabc (η¯b − ǫ¯b)σ3γ · F
cP− , (3.7)
δAaµ =
i
2
α˜′dabc η¯bP−σ3γµθ
c + i
2
α˜′dabc ǫ¯bP+σ3γµθ
c
+ i
8
α˜′2dae(cdd)beǫ¯bP−γρθ
cF ρµ
d
+ i
16
α˜′2dae[cdd]beǫ¯bP−γµνρθ
cF νρ d
+ i
32
α˜′2(3dacedbde + dabedcde) η¯b(P+ + P−)γkθ
cF ki
d
+ i
16
α˜′2dae[cdd]beη¯b(P+ − P−)γρθ
cF ρµ
d
+ i
16
α˜′2dacedbdeη¯bP+γµνρθ
cF νρ d
+ i
16
α˜′2dae[cdd]beη¯bP−γµνρθ
cF νρ d , (3.8)
where the parameter ηa is of the form
η¯a = κ¯b(δab + Γab) . (3.9)
The matrix Γ must square to one, and can be reconstructed in the present basis from the results
given in [9]. The parameter ǫa is constant, and must satisfy fabcǫc = 0.
3.2 Gauge fixing and supersymmetry
Gauge-fixing follows the same lines as discussed in [9]. The κ-symmetry is gauge-fixed by setting
θA2 = 0, and the remaining symmetries are linear and nonlinear supersymmetry. We will present only
the results. After gauge-fixing the action reads:
L = i
2
χ¯aγµDµχ
a − 1
4
F aµνF
µν a
+ i
16
α˜′2dae(cdd)beχ¯aγµDνχ
bT µν cd
− i
32
α˜′2dae[cdd]beχ¯aγµνρ{D
ρχbF µσ cFσ
ν d −Dσχ
bF µν cF ρσ d}
+ i
128
α˜′2dacedbdeχ¯aγµνρστDτχ
bF µν cF ρσ d . (3.10)
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The transformation rules under supersymmetry simplify because of the condition fabcǫc = 0. This
means we can choose a basis in the U(N) Lie-algebra such that only one ǫ, corresponding to the U(1)
direction, remains. Setting a = 0 for the U(1) direction, we then use dab0 = δab (up to a constant,
which we absorb into the normalisation of ǫ). The transformation rules then take on the following
form:
δχ¯a = −(ǫ¯1 + ǫ¯2)δ
a0 − 1
8
α˜′(ǫ¯1 − ǫ¯2)γ · F
a , (3.11)
δAaµ = +
i
4
α˜′(ǫ¯1 − ǫ¯2)γµχ
a + i
8
α˜′2dacd(ǫ¯1 + ǫ¯2)γρχ
cF ρµ
d . (3.12)
The algebra of the linear supersymmetry is as usual. The nonlinear supersymmetry gives a
covariant translation on A (the same as for linear supersymmetry). To see this on χ would require
the presence of higher-order fermions in the transformation rule of χ, but these have not been
determined. The algebra of linear with nonlinear supersymmetry gives a constant shift on the U(1)
vector. On χ this commutator also requires higher-order fermion contributions.
The action (3.10) can be simplified somewhat by redefining χa with F 2-dependent terms. This
gives:
L = i
2
χ¯aγµDµχ
a − 1
4
F aµνF
µν a + i
16
α˜′2dacedbdeχ¯aγµDνχ
bF µρ cFρ
ν d − i
32
α˜′2dadedbceχ¯aγµνρDσχ
bF µν cF ρσ d .
(3.13)
In this form the result can be most easily compared with the results of Section 2. Note that (3.13)
is not a symmetric trace and therefore it differs from the action (2.63) we found in Section 2. This
is an aspect of the κ-symmetric formulation which now is seen to be independent of the redefinition
we performed. Of course, in the abelian limit (dabc → 2), the action (3.13) should coincide with the
action (2.63) of Section 2, as it does.
At order α′2 we can only check the nonlinear supersymmetry, and it is indeed valid. For the linear
supersymmetry at order α′2 we need also the F 4 term. In fact, long ago, in [7], it was shown that the
following action (ignoring quartic fermions), which has a symmetric trace, is invariant under linear
supersymmetry:
L = 1
12
(dabedcde + dadedbce + dacedbde)α˜′2 ×
× (1
8
F aµνF
νρ bF cρσF
σµd − 1
32
F aµνF
µν bF cρσF
ρσ d
+ i
4
χ¯aγµDνχ
bT µν cd − i
8
χ¯aγµνρ{D
ρχbF µσ cFσ
ν d −Dσχ
bF µν cF ρσ d}
+ i
32
χ¯aγµνρστDτχ
bF µν cF ρσ d) . (3.14)
Performing an analogous redefinition of χa with F 2-dependent terms, as above, this can be rewritten
as
L = 1
12
(dabedcde + dadedbce + dacedbde)α˜′2×
× (1
8
F aµνF
νρ bF cρσF
σµ d − 1
32
F aµνF
µν bF cρσF
ρσ d
+ i
4
χ¯aγµDνχ
bT µν cd − i
8
χ¯aγµνρDσχ
bF µν cF ρσ d) . (3.15)
We now want to check that our action (3.13) can be made invariant under linear supersymmetry
after adding the well-known STr F 4 terms predicted by string theory. The simplest way to check this
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is to add to (3.13) a symmetric trace F 4 term, with the correct normalization, and then to subtract
the result from (3.15). This difference, Lrest, should then also be supersymmetric. This can only
happen if the variation of this difference can be cancelled by new order α′2-variations of the fields χ
and A. This requires that all terms in the variation can be rewritten in terms of the (lowest order)
equations of motion of these fields. For this analysis it is of course crucial that there are no other
parts of the action which could interfere with this calculation, such as higher-derivative terms. We
have verified that to this order higher-derivative contributions can always be reexpressed in terms of
lowest-order equations of motions, and can be eliminated by field redefinitions.
The variation of Lrest under linear supersymmetry, in which case ǫ ≡ ǫ1 − ǫ2, is
δLrest = α˜
′3 ( i
16
ǫ¯γρσγµDνχ
aF ρσ bF µτ
cF τν d (P −Q)abcd
+ i
32
ǫ¯γρσγµντDλχ
aF ρσ bF µν cF τλ d (P +Q)abcd) . (3.16)
where the tensors P and Q have been defined in the Appendix. To analyze this variation, it is
convenient to multiply all γ-matrices together in terms of a γ(5), a γ(3), and a γ(1). Using the
symmetry properties of P and Q it is not very complicated to show that the γ(5) contribution can
be written in terms of equations of motion. However, this analysis fails at the level of the γ(3) terms.
We found that for certain dimensions lower than ten (in particular d = 3) the γ(3)-terms can also
be rewritten in terms of equations of motion, but in the general case, and in particular in d = 10,
this does not work. For d = 3 the γ(1)-terms still give problems, which can however be resolved by
adding F 4-terms which are not a symmetric trace. For d = 10 we conclude that κ-symmetry fails at
this order.
4 Conclusions
In this paper we have determined the string effective action from the four-point string scattering
amplitudes, including all fermionic terms through order α′2g2. We have also refined the determination
of the κ-symmetric action of [9] by proceeding in a way which yields no order α′ term from the
beginning, so this corresponds to the situation after the field redefinition. The two results do not
coincide. While κ-symmetry might be desirable, it is not a sacred principle. On the other hand, the
effective action (2.63) we obtained by matching string amplitudes really is the true string effective
action. As repeatedly mentioned, its order α′2 terms are only determined up to on-shell terms, but
this is precisely the freedom we have to perform further field redefinitions of order α′2. In ref. [8] a
super Yang-Mills action through order α′2 including all fermionic terms was also determined recently
by requiring linear supersymmetry. The claim of [8] is that the result is essentially unique and we
have shown that it coincides with the string effective action we have determined. For completenes
we give here the result where we have rewritten the quartic fermions as a single term, using the
identities (2.65):
Lstring = str
(
−
1
4
FµνF
µν +
i
2
χγµDµχ+
α˜′2
8
FµνF
νρFρσF
σµ −
α˜′2
32
(FµνF
µν)2
+ i
α˜′2
4
χγµDνχF
µρF νρ − i
α˜′2
8
χγµνρDσχF
µνF ρσ
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−
α˜′2
24
χγµDνχχγµDνχ
)
+O(α′3g2, α′2g3) .
(4.1)
We have omitted the Fχ4 term since it is O(α′2g3) and would only show up in the calculation of the
five-point amplitude.
We can safely conclude that the symmetrised trace prescription for the non-abelian Born-Infeld
action holds through order α′2, including all fermionic and derivative terms. As we pointed out
in section 2.4, one should be careful with the field redefinitions. The redefinitions should be done
before implementing the symmetrised trace! We also stress that the present conclusion does not
imply that the symmetrised trace prescription will continue to hold at higher orders. In fact a
closer investigation of the α′-expansion of the string scattering amplitudes [20] indicates that the
symmetrised trace prescription will fail beyond order α′2.
Finally, we found that κ-symmetry cannot be extended to the order F 3 in the variation. On the
other hand, the fact that the effective action through order α′2 shows both a linear and a non-linear
supersymmetry is indicative for the existence of an underlying κ-invariant formulation. The work of
[9] was based on a non-abelian κ-symmetry, under which all fermions transform, such that the κ-
parameter is also in the adjoint representation of the Yang-Mills group. It may be that this approach
has been too ambitious, and that only a single κ-symmetry can be realised. It is also conceivable that
the approach of [9] was not ambitious enough and, maybe, besides nonabelian κ-transformations, it
is also required to introduce some kind of non-abelian diffeomorphisms on the worldvolume. Clearly
more thought is required before κ-symmetry, in this context, is finally put to rest.
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A Conventions and useful identities
In this appendix we gather some conventions and identities we use.
Kinematics:
s = (k1 + k2)
2 , t = (k1 + k3)
2 , u = (k1 + k4)
2 (A.1)
with all momenta incoming and we use signature (+,−, . . . ,−). Since all our states are massless we
have s+ t+ u = 0.
Spinors: The Clifford algebra is {γµ, γν} = 2ηµν , i.e. (γ0)2 = +1. Antisymmetric products of
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γ-matrices are defined with weight 1: γµν =
1
2
(γµγν − γνγµ) etc. Often used identities are
γµνρ = γµγνγρ − γµηνρ + γνηµρ − γρηµν
γµγνρ = γµνρ + γρηµν − γνηµρ
γνργµ = γνρµ + γνηµρ − γρηµν (A.2)
The ten-dimensional spinors are 16-component Majorana-Weyl spinors and satisfy various identities.
In particular, due to the Weyl property χ1γµ1...µpχ2 = 0 for all even p, and the expressions with p > 5
are related to those with 10 − p < 5. Due to the Majorana property anticommuting spinor fields
satisfy
χ1χ2 = χ2χ1 , χ1γµχ2 = −χ2γµχ1 ,
χ1γµ1...µpχ2 = (−)
pχ2γµp...µ1χ1 = (−)
p(p+1)/2χ2γµ1...µpχ1 (A.3)
Note that when the anticommuting spinor fields are replaced by commuting spinor wave-functions
we have the analogous identities but with an extra minus sign.
There are also various Fierz identities which can be derived from the following basic identity [19]
valid for ten-dimensional Majorana-Weyl spinors (a Weyl projector is implicitly assumed to multiply
the r.h.s.)
ψλ = −
1
16
γµ(λγµψ) +
1
96
γµνρ(λγµνρψ)−
1
3840
γµνρσκ(λγµνρσκψ) (A.4)
from which follows
χγµψ λγµϕ =
1
2
χγµϕ λγµψ −
1
24
χγµνρϕ λγµνρψ (A.5)
as well as
χγ(µψ λγν)ϕ = −
1
8
χγ(µϕ λγν)ψ +
1
16
χγρσ(µϕ λγ
ν)
ρσψ −
1
384
χγρσλκ(µϕ λγ
ν)
ρσλκψ
+ηµν
[
1
16
χγρϕ λγρψ −
1
96
χγρσλϕ λγρσλψ +
1
3840
χγρσλκτϕ λγρσλκτψ
]
, (A.6)
where (µν) indicates symmetrisation in µ and ν.
Gauge group, dabc and fabc tensors : We denote by λa the hermitian generators of the fundamental
representation of U(N). The various normalisations are fixed by
[λa, λb] = ifabcλc , {λa, λb} = dabcλc , tr λaλb = δab (A.7)
with real structure constants fabc and real dabc. These definitions imply
tr [λa, λb]λc = ifabc , tr {λa, λb}λc = dabc . (A.8)
The generators of the adjoint representation are (T adja )bc = −ifabc, which is the only representation
of interest to us. The covariant derivative then is
(Dadjµ )ac = δac∂µ − igA
b
µ(T
adj
b )ac = δac∂µ + gfabcA
b
µ (A.9)
The field strength then is given by [Dµ, Dν ]ac = gfabcF
b
µν i.e.
F aµν = ∂µA
a
ν − ∂νA
a
µ + gfabcA
b
µA
c
ν (A.10)
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Possible 4-index tensors on the gauge group that could arise from a single trace are of the form
dabedcde, fabefcde or dabefcde. There are 12 such possible tensors, but they are related by various Jacobi
identities:
fabefcde = dacedbde − dadedbce
dabefcde + dbcefade + dcaefbde = 0 . (A.11)
The first type of identities allows to express all ff tensors as dd tensors, and the second type of
identities allows to express 3 among the 6 df tensors in terms of the 3 others. We may choose
β1 = dabefcde, β2 = dcdefabe and β3 = dadefbce − dbdeface as independent, and use them to express the
three other β4 = dacefbde, β5 = dbcefade and β6 = dadefbce + dbdeface:
β4 = −(β1 + β3)/2 + β2 , β5 = −(β1 − β3)/2− β2 , β6 = β1 . (A.12)
Then, if we expand a general tensor as
Xabcd = x1dabedcde+ x2dacedbde+ x3dadedbce+ x4dabefcde+ x5dcdefabe + x6(dadefbce− dbdeface) , (A.13)
knowing only X(ab)cd will leave x2 − x3, x5 and x6 undetermined, while knowing Xabcd + Xbadc will
leave x4 and x5 undetermined. Finally we note that
str λaλbλcλd =
1
12
(dabedcde + dacedbde + dadedbce) . (A.14)
In the text we have introduced the tensors P and Q:
P abcd ≡ 1
24
(dacedbde + dadedbce − 2dabedcde) = − 1
24
(facef bde + fadef bce)
Qabcd ≡ 1
8
(dacedbde − dadedbce) = 1
8
fabef cde (A.15)
The combinations P ±Q are:
(P +Q)abcd = 1
12
(fabef cde + fadef cbe)
(P −Q)abcd = − 1
12
(fabef cde + facef bde) . (A.16)
Note that P +Q is symmetric in bd and ac, P −Q is symmetric in bc, ad.
Feynman rules: From LSYM = tr
(
−1
4
FµνF
µν + i
2
χγµDµχ
)
we read the following Feynman rules
for tree amplitudes (no ghosts): the fermion propagator is +iδab/k/, the gluon propagator −iδabηµν/k2
(any gauge dependent additional terms ∼ kµ or ∼ kν drop out in all our amplitudes). All vertices
are obtained from the relevant interaction terms with the rule ∂µ → −ikµ where the momentum k is
going into the vertex.
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